ISSN 2393-8471

International Journal of Recent Research in Civil and Mechanical Engineering (IJRRCME)
Vol. 11, Issue 2, pp: (5-8), Month: October 2024 — March 2025, Available at: www.paperpublications.org

Study of Some Type of Matrix Fractional
Integral

Chii-Huei Yu

School of Mathematics and Statistics, Zhaoging University, Guangdong, China

DOI: https://doi.org/10.5281/zeno0do0.14169318
Published Date: 15-November-2024
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I. INTRODUCTION

In recent decades, the applications of fractional calculus in various fields of science is growing rapidly, such as physics,
biology, mechanics, electrical engineering, viscoelasticity, control theory, modelling, economics, etc [1-15]. However, the
rule of fractional derivative is not unique, many scholars have given the definitions of fractional derivatives. The common
definition is Riemann-Liouville (R-L) fractional derivative. Other useful definitions include Caputo fractional derivative,
Grunwald-Letnikov (G-L) fractional derivative, and Jumarie type of R-L fractional derivative to avoid non-zero fractional
derivative of constant function [16-20].

In this paper, based on a new multiplication of fractional analytic functions, we obtain the following matrix fractional
integral:

1 ®ap 1 ®a q
(o) (7)™ 0 (e =)™

where 0 < a <1, p,q are positive integers, tis a real number, and A is a real matrix. Moreover, our result is a
generalization of the result in ordinary calculus.

Il. PRELIMINARIES
At first, we introduce the fractional calculus used in this paper.

Definition 2.1 ([21]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

x f(t)— f(xo)
r(1 a) dx fxo (x-t)® dt. @)

(xoD;cZ) [f()] =

And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

(5N O] = I f;; (xft()t3 zdt, (2)

where I'( ) is the gamma function.

Definition 2.2 ([22]): If x, x4, and a,, are real numbers for all n, x, € (a, b), and 0 < a < 1. If the function f,:[a,b] - R
can be expressed as an a-fractional power series, that is, f,(x%) = Y- Om( X — xo)™* on some open interval
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containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a, b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional

analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.3 ([23]): If 0 < a < 1. Assume that f,(x®) and g, (x%) are two a-fractional power series at x = x,,

ay _ "o an _ na
fa(x)—2n=or(na+1)(x x)"%,

9a(x%) = X750 On (x — xp)™“.

I'(na+1)
Then
fax¥)®q go(x%)
[o'e] n [o'e] bn
= Zn:or(#ﬂ) (x = %)™ Q¢ Zn:om (x — xo)™*
- 1 n
= Zn:O T(na+1) ( %:0 (m) an—mbm) (x - xo)na_
Equivalently,
fa(x*)®g ga(x)

Qqn Qqn
—yo Gnf 1 e} * w bnf T &)
= Zn=o7 (l"(a+1) (x = x0) ) ®a Ln=o7, (F(a+1) (x = x0) )

= Z?‘f:o%( m=0 (17:1) an_mbm) (I‘(a;-i—l) (x — xo)a)®an |

Definition 2.4 ([24]): If 0 < @ < 1, and A is a matrix. The matrix a-fractional exponential function is defined by

ay _ oo nxna_wl 1“®an
Ea(Ax )—Zn=0A F(na+1)_zn=0n! (A r‘(a+1)x ) '

1. MAIN RESULT
In this section, we find some type of matrix fractional integral.

Theorem 3.1: Let 0 < a < 1, p, q be positive integers, t be a real number, and A be a matrix. Then

®aqp ®a q
o 1 «\ B 1 a)o% _ v 1 ng+p
( OIX) [(tA I'(a+1) x ) ®a Ea <(tA I'(a+1) x ) )] - Zn:on!(nq+p+1) (tA)

®ap ®a q
Proof (oIf) [(tA r(alﬂ) xa) ®.E, <(tA F(a1+1) xa) )

®aq
1 2\ 2%
I'(a+1) x ) )

®qnq

I(a+1)

Rqn

®ap
= ( Ol;cx) (tA F(a1+1) xa) QO Zﬁ:o%((m

®aP

o 1 1 a
®a Ln=o n! (tA I(a+1) x )

= ( 01’1‘1) (tA l"(a1+1) xa)
1 a)®a (nQ"'P)]

= ( 01’(‘1) Z;'f;o%(t/l F(a+1)x

®q (nq+p)
- Z%":o%( ol%) [(tA _r(alﬂ')x“) ]
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I'(a+1)

®q (nq+p+1)
1 "‘) ¢ . g.e.d.

I'(a+1)

IV. CONCLUSION

= Ti g (eA)"*? (

nl(nq+p+1)

this paper, based on a new multiplication of fractional analytic functions, we evaluate some type of matrix fractional

integral. In fact, our result is a generalization of classical calculus result. In the future, we will continue to use the new
multiplication of fractional analytic functions to solve the problems in applied mathematics and fractional differential
equations.
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